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Abstract — We develop an adaptive time-diversity

system equipped with adaptive modulation and re-

transmissions over Nakagami-m block fading chan-

nels. Our scheme maximizes the average spectral ef-

ficiency, and meets the prescribed packet error rate

(PER) based on both instantaneous signal-to-noise ra-

tio (SNR), and statistical channel state information

(CSI). It does not constrain the feedback latency to

be less than the channel coherence time, which is a

stringent requirement in most existing adaptive mod-

ulation schemes. Multiple-packet retransmissions are

provided via at most one retransmission request. This

minimizes round-trip-delay and buffer-size require-

ments, compared to multiple retransmission requests

needed in auto repeat request (ARQ) protocols based

on cyclic redundancy check (CRC). We obtain closed-

form expressions for the average number of retrans-

missions per packet, and average spectral efficiency.

We also express the optimal values of these parame-

ters as functions of the average SNR, and the Nak-

agami parameter m.

I. Introduction

Adaptive modulation (AM) has been widely adopted by
many wireless communication standards to enhance through-
put [1, 4]. AM maximizes transmission rates for a prescribed
error performance over time-varying channels. However, being
sensitive to feedback latency τf , it is impossible to implement
AM when τf exceeds the channel coherence time τc [2].

Auto repeat request (ARQ) protocols on the other hand,
impose no feedback latency constraint (FLC) τf < τc, and
achieve higher throughput than forward error control (FEC),
by providing time diversity to mitigate fading when neces-
sary [6]. However, retransmitted packets may also suffer from
fading effects, which necessitates a large number of retrans-
missions for certain packets. This, in turn, may lead to un-
acceptably large round-trip-delays and buffer sizes. So, ARQ
may not meet the required quality of service, if the system
can not satisfy the stringent delay or buffer-size requirements
in certain real-time applications, such as video transmissions.
Furthermore, CRC introduces redundancy, as well as complex-
ity, and delay in decoding.

A natural question is whether and how one can design
a transmission scheme that maximizes throughput without
FLC, while adhering to prescribed performance and delay con-
straints. Such a scheme should also provide performance guar-
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Figure 1: System and Channel Models

antees and real-time quality of service for mobile terminals,
under large feedback latency conditions, e.g., “video-to-car”.
In this paper, we develop an adaptive time-diversity system
equipped with jointly adaptive modulation and adaptive re-
transmission (JAMAR), which satisfies these requirements. It
is simple to design, and does not require CRC, which results
in less redundancy, decoding complexity, and delay.

II. System and Channel Models

Consider the single-transmit single-receive antennae system
in Fig. 1, which includes an adaptive modulation module, and
an adaptive time-diversity retransmission module.

Because it captures a large class of fading channels, we
adopt the Nakagami-m block flat fading channel model with
additive white Gaussian noise (AWGN). The power variation
of both transmitter and channel is jointly accounted for in the
receive SNR γ [5], which is assumed to be constant over the
duration of each packet that consists of multiple symbols. As
in [3], γ is assumed to be i.i.d. from packet to packet. The
Nakagami-m channel induces the following probability density
function (pdf) for the receive SNR γ:

pγ(γ) =
mmγm−1

γ̄mΓ(m)
exp

(
−mγ

γ̄

)
, (1)

where γ̄ := E{γ} is the average receive SNR, Γ(m) :=∫ ∞
0

tm−1 exp(−t)dt is the gamma function, and m is the Nak-
agami fading parameter (m ≥ 1/2). The Nakagami-m model
subsumes Rayleigh distributed channels (m = 1), and when
m > 1, it approximates closely Rician channels as well [8].

In the adaptive modulation module, multiple transmission
modes, i.e., different constellation sizes of multi-level quadra-
ture amplitude modulation (M-QAM), Mn = 2n, n∈Sn =
{0, 1, . . . , 7}, are available. Based on statistical CSI (average
SNR γ̄ and Nakagami parameter m) acquired at the receiver,
the modulation selector determines the modulation mode n,



which is sent back to the transmitter through a feedback chan-
nel. The modulation controller then updates the mode at the
transmitter.

In the adaptive time-diversity retransmission module, an
adaptive retransmission protocol is implemented. If the num-
ber of retransmissions N for a certain packet is determined at
the receiver, a N -retransmission request is generated by the
retransmission generator, and is communicated to the retrans-
mission controller at the transmitter via a feedback channel.
Then the controller arranges retransmissions of the requested
packets that are stored in the buffer, with the same modu-
lation mode as the original one. The retransmitted packets
for a certain packet are not necessarily consecutive and the
intervals between retransmissions are arranged to be larger
than the channel coherence time. The original and retrans-
mitted packets are combined with maximum ratio combining
(MRC) at the receiver. Coherent demodulation is used for the
combined packets.

Our operating assumptions are:
A1: The channel is frequency-flat fading. Instantaneous SNR
γ remains invariant per packet, but is allowed to vary from
packet to packet. This corresponds to the so called block fad-
ing channel model [3].
A2: The statistical CSI is assumed to be invariant over the
duration of the multiple transmissions for a certain packet,
because it is affected by shadowing for instance, which varies
much slower relative to fading. The possibility that multiple
transmissions for a certain packet experience different statis-
tical CSI is negligible.
A3: Perfect CSI (both instantaneous and statistical) is avail-
able at the receiver. The corresponding mode selection and
the number of retransmissions N are fed back to the trans-
mitter without error, and without imposing any FLC.
A4: The fading channel coefficients corresponding to the orig-
inal and the retransmitted packets are independent and iden-
tically distributed (i.i.d.), because the time intervals between
multiple transmissions for a certain packet are larger than the
channel coherence time.

III. Jointly Adaptive
Modulation-Retransmission

In this section, we develop the jointly adaptive modulation
and adaptive retransmission scheme, and derive the number of
retransmissions and average spectral efficiency in closed-form.

We impose the following performance and retransmission
constraints:
C1: The average packet error rate after combining is no larger
than PER0. Thus, the corresponding average bit error rate is
Pb0 = 1 − (1 − PER0)

1/Np , where Np is a fixed packet length
(bits/packet).
C2: At most one retransmission request per packet is gener-
ated. Thus, the delay is bounded to be less than one round-
trip-delay, because the duration of multiple retransmissions
per packet is usually much less than the round-trip-delay [7].

We denote the instantaneous receive SNR as γ. The BER
of M-QAM over an AWGN channel can be approximated
as [5]:

Pb(n, γ) ≈ 0.2 exp[−1.5/(2n − 1)γ]

:= A exp(−dnγ),
(2)

where A := 0.2, and dn := 1.5/(2n−1) for n > 1. When n = 1,
we use Pb(n = 1, γ) ≈ 0.2 exp(−γ) for BPSK, where d1 = 1.

Suppose that the original packet has channel coefficient γi,
and N(γi) packets are retransmitted. Let {γ(r)

ij }N(γi)
j=1 denote

the corresponding channel coefficient of these retransmitted
packets. Based on (2), the BER after MRC can be obtained
as:

Pb(n, γi, γ
(r)
i1 , . . . , γ

(r)

iN(γi)
)

= A exp


−dn


γi +

N(γi)∑
j=1

γ
(r)
ij





 .

(3)

When deciding how many retransmissions are needed, the
receiver treats {γ(r)

ij }N(γi)
j=1 as random variables, and evaluates

the average BER as:

Pb(n, γi) =

∫ ∞

0

· · ·
∫ ∞

0

Pb(n, γi, γ
(r)
i1 , . . . , γ

(r)

iN(γi)
)

·p
γ
(r)
i1 ,...,γ

(r)
iN(γi)

(
γ

(r)
i1 , . . . , γ

(r)

iN(γi)

)
dγ

(r)
i1 , . . . , dγ

(r)

iN(γi)

= A exp(−dnγi)

N(γi)∏
j=1

∫ ∞

0

exp
(
−dnγ

(r)
ij

)

·p
γ
(r)
ij

(
γ

(r)
ij

)
dγ

(r)
ij

= A exp(−dnγi)

N(γi)∏
j=1

(
1 +

dn

m
γ̄

)−m

= A exp(−dnγi)

(
1 +

dn

m
γ̄

)−mN(γi)

. (4)

Due to performance constraint C1, the average BER should
satisfy:

Pb(n, γi) ≤ Pb0. (5)

Then, from (4) and (5), we find N(γi) as:

N(γi) =
dn/m

ln(1 + dnγ̄/m)

[
1

dn
ln

(
A

Pb0

)
− γi

]
:= B(γth − γi),

(6)

where

B : =
dn

mln(1 + dnγ̄/m)
,

γth : =
ln(A/Pb0)

dn
.

(7)

The instantaneous SNR threshold γth determines whether a
packet should be retransmitted or not. If γi < γth, then
N(γi) > 0, and retransmissions are initiated; otherwise, no
retransmission is needed. We notice that the value of N(γi)
is not always an integer. Approximating N(γi) with the near-
est integer greater than or equal to N(γi), �N(γi)�, intro-
duces extra redundancy. This leads to better average BER
performance, and constitutes a future topic we would like to
investigate further. The following analysis benchmarks the
performance of our proposed scheme.

If N∗(γi) denotes the number of retransmitted packets,
which is requested through the feedback channel, then

N∗(γi) := [N(γi)]+ = max[N(γi), 0]. (8)
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Figure 2: Average spectral efficiency vs. γ̄

We denote its average value as N∗ := Eγi{N∗(γi)}. Thus, a
closed-form expression for N∗ can be obtained as:

N∗ =

∫ γth

0

B(γth − γi)p(γi)dγi

= Bγth

[
1 − Γ(m, mγth/γ̄)

Γ(m)

]

− B(γ̄/m)

[
m − Γ(m + 1, mγth/γ̄)

Γ(m)

]
,

(9)

where Γ(m, x) :=
∫ ∞

x
tm−1 exp(−t)dt is the complementary

incomplete Gamma function.

From (6), the average spectral efficiency (throughput) can
be computed as:

Se =

∫ ∞

0

log2(Mn)

1 + N∗(γi)
pγi(γi)dγi

= log2(Mn)
[ ∫ γth

0

1

1 + N∗(γi)
pγi(γi)dγi

+

∫ ∞

γth

pγi(γi)dγi

]

= log2(Mn)

[ ∫ γth

0

1

1 + B(γth − γi)
· mmγm−1

i

γ̄mΓ(m)

· exp

(
−mγi

γ̄

)
dγi +

Γ(m, mγth/γ̄)

Γ(m)

]
.

(10)

Since N∗ and Se depend on the transmission mode n ∈ Sn,
the average SNR γ̄, and the Nakagami parameter m, we pro-
pose the following algorithm to maximize Se:
Step 1: For the mode n ∈ Sn, average SNR γ̄, and Nak-
agami parameter m, calculate N∗ and Se using (9) and (10),
respectively:

N∗(n, γ̄, m) and Se(n, γ̄, m). (11)

Step 2: Among the values in (11), select the optimal spec-
tral efficiency, modulation mode, and corresponding average

5 10 15 20 25 30 35 40
0

2

4

6

8

10

12

Average SNR (dB)

O
pt

im
al

 A
ve

ra
ge

 R
et

ra
ns

m
is

si
on

 E
{N

* }op
t

m=1
m=2

Figure 3: Average retransmission number vs. γ̄

retransmission number at each (γ̄, m) as:

Sopt
e (γ̄, m) = max

n∈Sn

[Se(n, γ̄, m)],

nopt(γ̄, m) = arg max
n∈Sn

[Se(n, γ̄, m)],

N∗opt
(γ̄, m) = N∗(nopt(γ̄, m), γ̄, m).

(12)

Notice that Sopt
e (γ̄, m), nopt(γ̄, m), and N∗opt

(γ̄, m) as func-
tions of (γ̄, m), can be obtained off-line.

In summary, given C1 and C2, our novel scheme has two
operational stages:
Stage 1: Based on the estimated average SNR γ̄, and
the Nakagami parameter m, switch the modulation mode to
nopt(γ̄, m) during the given modulation switching period τs

(τs � τc usually) via feedback without FLC.
Stage 2: Based on the estimated instantaneous SNR γi, Nak-
agami parameter m, average SNR γ̄, and modulation mode
nopt(γ̄, m), determine N(γi) via (6). Then, retransmit N∗(γi)
packets via retransmission request feedback without FLC.

IV. Numerical Results

Given PER0 = 0.001 and Np = 1000, we have Pb0 ≈ 10−6.
The optimal spectral efficiency Sopt

e (γ̄, m), and the average

retransmission number N∗opt
(γ̄, m), obtained as in Step 2,

are shown in Figs. 2 and 3 respectively, for m = 1, 2. The
average number of retransmissions is less than 2, when the
average SNR exceeds 14dB for m = 1, which can be afforded
in practice.

In order to illustrate the advantage of our scheme, we com-
pare it with the fixed-constellation M-QAM combined with
the truncated ARQ. To guarantee the stringent delay and
buffer-size constraints, the truncated ARQ allows at most one-
retransmission (one-truncated ARQ). The average spectral ef-
ficiency is set to zero, if the average PER is larger than PER0,
in order to satisfy the error performance requirement. So, this
scheme also satisfies performance and delay constraints with-
out FLC. Comparison based on average spectral efficiency is
shown in Fig. 2, for m = 1, 2, respectively. Evidently, our
scheme improves average spectral efficiency.



V. Conclusions

We proposed a jointly adaptive modulation and adaptive
retransmission scheme over Nakagami block fading channels.
It maximizes the spectral efficiency for a prescribed average
PER, without imposing feedback latency to be less than the
wireless channel’s coherence time. It has at most one retrans-
mission loop, which reduces round-trip-delay and buffer sizes
relative to existing multi-loop retransmissions. We obtain the
average number of retransmissions and spectral efficiency in
closed-form. Furthermore, we propose an algorithm to maxi-
mize spectral efficiency.
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